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Abstract

In this paper we introduce a new class of Mersenne and Mersenne-Lucas numbers, constructed
in the framework of non-Newtonian calculus, that we call respectively, non-Newtonian
Mersenne and non-Newtonian Mersenne-Lucas numbers. From the view point of non-
Newtonian calculus, we investigate some important identities and formulas of the classical
Mersenne numbers and Mersenne-Lucas numbers. As a result we prove several relations of
non-Newtonian Mersenne and Mersenne-Lucas numbers. We also study some other properties of
these non-Newtonian numbers, such as Catalan-like identities, Cassini-like identities, Binet-like
formulas and generating functions.

1. Introduction

The initial endeavour in non-Newtonian calculus originated with Grossman and Katz in
1972. They modified the calculus developed by Newton and Leibniz in the 1700s, since a
recognised method for developing a familiar mathematical system involves altering the
assumptions of an existing one. Additionally, they presented an infinite family of calculus that
encompasses specialised calculi, including anageometric calculus, bigeometric calculus,
harmonic calculus, and geometric calculus. The addition, subtraction, multiplication, division,
ordering, derivative, and integral operations in each of these new calculi vary, which leads to
novel applications for intriguing mathematical and related problems, some of which are in
quantum calculus, functional analysis, complex analysis, fractal geometry, differential equations,
calculus of variations, image analysis, signal processing, and economics.

The Fibonacci and Lucas numbers have been generalised in a different method by De
Agirmen and Duyar [9]. The authors created a new form of Fibonacci and Lucas numbers known
as non-Newtonian Fibonacci and non-Newtonian Lucas numbers by combining the Fibonacci
numbers, Lucas numbers, and non-Newtonian real numbers. They also investigated a few
characteristics of these numbers.

The concepts discussed in [9] are extended to Mersenne and Mersenne-Lucas numbers in
this study. This paper's primary goal is to present and examine non-Newtonian Mersenne and
non-Newtonian Mersenne-Lucas numbers. This requires some prior knowledge of Mersenne and
Mersenne-Lucas numbers[5-8, 10 as well as Non-Newtonian calculus[1-4].

111
2026 Volume 09 Issue 01 www.irjweb.com | Jan — 2026 - IRJEdT




I\

IRJEdT

Peer Reviewed Journal, ISSN: 2581-7795

Although the term "arithmetic” is typically used to refer to positive integers, in this
context it refers to an integer ordered field whose universe is a subset of the set of real numbers.
Leta:R — A € R be a bijection. Then, it is called a generator and defines an arithmetic. A non-

Newtonian real number is any element in the range of a, represented by R ,. The classical
arithmetic is obtained choosing @ = I, and it results R; = R.

a — arithmetic

Realm R,
a — addition p+t = afa1(p) + a (1)}
a — subtraction p~1=afa1(p) —a (1)}
a — multiplication  p Xt = af{a"1(p) X a 1(1)}
. at
a — division p/T = ga =a {CZT%} (r+0)
a — ordering p<teal(p) <al(r)

where p,T € R .

A number of the type M,, = 2™ — 1, where n is an integer, was first developed in 1644 by
the French mathematician Marin Mersenne. The Mersenne sequences have been investigated as
part of numerous studies. The definition of Mersenne-Lucas sequences is ML, = 2" + 1,n > 2,
with MLy = 2, ML, = 3.

2. Main Results:
Definition: 2.1

Non-Newtonian Mersenne and Non-Newtonian Mersenne Lucas sequences are defined as
NM, = a(M,) and NML, = a(ML,) where M, and ML, are nt Mersenne and Mersenne
Lucas sequences.

The set of Non-Newtonian Mersenne and Non-Newtonian Mersenne Lucas sequences which we
denote by NM,, and NML,, are as follows:

NM = {NM,,: n € N}
={0,1,3,7,15,31, .. a(M,), ...}

and NML = {NML,: n € N}
={2,3,5,9,17,33,... a(ML,), ...}

Choosing the generator | defined by a(y) = y for every y € R, we obtain Mersenne and
Mersenne-Lucas numbers with respect to classical arithmetic, respectively.
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Also , if we consider the generator exp defined by a(y) = e” for each y € R, we obtain

Mersenne and Mersenne-Lucas numbers with respect to geometric arithmetic, respectively, as
follows:

NGM = {a(M,): n € N}

= {eM™:n e N}

={e% el e3,e7,e15,e3, ... e™, ..}

and NGML = {a(ML,): n € N}
= {eMn:n € N}

={e?,e3,e5%¢e% e, €33, ..M, ..}
Theorem: 2.1

(i)  NM,, =3XNM,;~2%xNM,
(i) NML,,, =3 X NML,;~2 x NML,

Proof:
(i) 3XNM, ;=2 x NM, = a(3) X a(M,1)~a(2) X a(M,)
= afala(ata@) x a ta(M,y1)) —ala(aTa(2) x a~la(M,))}
= a(BMy 41 —2M,)
= a(My42)
= NMy4
(i) 3xXNML,.;=2XNML, = a(3) X a(ML,;)~a(2) X a(ML,)
= afata(a'a3) x a 'a(MLy,,1)) — a la(a ta(2) x a~ta(ML,))}
= a(3ML, 41 — 2ML,,)

= a(MLy+;)
= NML,,,

Theorem: 2.2

113
2026 Volume 09 Issue 01 www.irjweb.com | Jan — 2026 - IRJEdT




O
}%’Eﬁdl\# Peer Reviewed Journal, ISSN: 2581-7795

The generating functions for Non-Newtonian Mersenne and Mersenne-Lucas sequences are
given by

. S

0 96 =5 @

.. . 2-3%s

(i) h(s) = {550
Proof:

(i)  g(s)=aXyNm, xs"

= s4—az NM, x st
n=2

- s-i-aZ(é 5 N,y =2 5 N, _p) X 5™
n=2

= s+a 2(3 X NM, 1) X s +a 2(;2 X NM,_,) X s
n=2 n=2

=s+3 x aZ(Nmn_l) X s™ 2 % aZ(Nmn_z) x s™
n=2 n=2

sxg(s) = az Nm, x st = aZNmn_l x sh
n=0 n=2
s2x g(s) = az NM, % s2 = aZNmn_z x s™
n=0 n=2
(1+3 x 542 % 5%) X g(s) = g(s)=3 X (s X g(s)) 2 % (s? % g(s))

= st3xa ) (N, %s7) <2 %@ ) (NM, % s")
n=2 n=2

“3xa )y (NM, .y xst) 42 %@ ) (N,  57)
n=2 n=2

Hence, g(s) =

S
S a
1-3%s42%s2

(i) h(s)=aXYr ,NML, X s"
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=243 x s-i—az NML, x s™
n=2

= 243 X sta ) (3% N, ;=2 X NI, ) % s°
n=2

=2+3 x s-i—aZ(é X NML,_1) X s™ -i—a2(42 X NML,_,) X s™

n=2 n=2
(o] (o]

— 243 xs43 % az(Nan_l) st 2 X aZ(Nan_Z) % st

n=2 n=2
s X h(s) = az: NML, x st =2 % s-i-az: NML,_; X s™
n=0 n=2

s2 % h(s) = az NML, % 2 = az NML, _, X s™
n=0 n=2
(13 % s+2 % $2) X h(s) = h(s)=3 % (s X h(s))+2 X (s? X h(s))

— 243 X 543 X aZ(Nan_l % s) =2 % aZ(Nan_Z % s™)
n=2 n=2

“3% (2 X sta ) (NML, - X sﬂ)> +2 % (az NML,_, sﬁ)
n=2 n=2
=2-3Xs

213x%s
Hence,  h(s) = 552
Theorem: 2.3

The Binet formula for for Non-Newtonian Mersenne and Mersenne-Lucas sequences are given
by

(i) N, = 7"t
(i) NML, =7"4+5," wherer, = 1,7, =2
Proof:

0] FrT = (F X7 X1y X ... (n times))~(F, X T, X T, X ...(n times))

=a(r)-a(r}) = a(a_la(rf‘) - a_la(rzn))

L~

&
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=a(r' —17) = a(M,) = NM,

(||) Tzlri'i‘r.zri = (Tl X 7:1 X 7:1 X ... (n timeS))‘i‘(Tz X1y X1y X ... (n tlmeS))

= a()+a() = a(ata() + ata(r]))
=a(rf +1r}) =a(mL,) = NML,
Theorem: 2.4 (Vajda Identity)

Let n, rand s be positive integers. Then, we have

(i)  NM,, X NM,—~NM, % NM, 40 = 20 X NM, X N
(i)  NML,,, X NML, ~NML, X NML, ;s = —1 x 2% x NM, X NM,

Proof:
(I) Nrnn+r X Nmn+s;Nmn X Nmn+r+s = a(mn—f-r) X a(mn+s);a(mn) X a(mn+r+s)
=« (a‘l(a(mn+r) X a(mn+s))) ~a (a‘l(a(mn) X a(mn+r+s)))

= O((fnn+r§nn+s);O(Unn mn+r+s)

=a (a_1 (a(mn+rmn+s) - a(mn mn+r+s)))
= My 1My — MMy 1)
= a(2"M,M,) = 2% x NM, x NM

(i)  NML,;, X NML,;s~NML, X NML, s =
O((an.H-) X (X(an_,_S);O((an) X a(m]-‘n+r+s)

= (@ (@(MLysr) X @(Myss))) “o (@ (A(MLy) X @My 145)) )
= a(MLy MLy 45) —a(ML, MLy 41 45)
= (a‘l (a(MLy MLy 1) — a(anan+r+s)))
= a(ML,,, ML, — ML, ML, ;,+,) = a(—2"ML, ML,)
= =1 x 2% x NM, x NM,

Theorem 2.5 (Catalan’s identity)
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() NM,_ % N, ~NMZ = =1 x 2575 x NmM, 2
(i)  NML,_, X NML, . ~NML2 = 2575 x NM,*

Proof:

() NM,_g X NM, . ~NME = a(M,_y) X a(M,,)~a(M?)
= a (a7 (a(Mys) X a(Mys)) ) ~a (M)
= a(My—My 1) ~a(M;)
=qa (a"l (a(mn_smn+5) - a(fﬂﬁ)))
= a(My My = M)
= a(—2"M%) = =1 % 275 x N2
(i)  NML,_ X NML, . ~NML2 = a(ML,_,) X a(ML,;¢)~a(ML2)
= (a7 (a(MLy—y) X @(MLy ) ) ~a(MLE)
= a(ML, MLy 45)—a(ML)
=a (oz_1 (a(ML,_ ML, ) — a(mL%l)))
= a(ML,_ML, s — ML2)
= a(2"sm?) = 2175 x NmM,°

Theorem 2.6 (Cassini’s identity)

()  NM,_; X NM,,;~Nm2 = =i x 20-1
(ii) NML,_; X Nan+1;NmL% — 21'1;1
Proof:

() NM,_y % Ny  ~NME = (M, 1) X (M) ~a(M?)
=a (a_l (a(M,_y) x a(mn+1))) ~a(My)
= a(My_1 My 1) =a(M7)

=a (a_l (a(mn_lmnﬂ) — a(fﬂﬁ)))
= a(My_1My 11 — M7)
= a(-2""1) = =1 x 20
(i)  NML,_; X NML,,;~NML2 = a(ML,_;) X a(ML,,;)~a(ML2)
—a (a‘1(a(an_1) x a(an+1))) ~a(MI2)
= a(MLy_y MLy 1) —~a(ML3)
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=qa (a‘l (a(ML,_1MLy, 1) — a(mL%)))
= a(ML,_yML, 1 — ML3)
= a(2"1) = Hn—1
Theorem 2.7 (d’Ocagne’s identity)
(i) NM, 41 X NM, ~NM, x NM,, ., = 2M =21
(i)  NML,.; x NML, ~NML, X NML,, ., = 2%-2™
Proof:
() NMy 41 X N =NMy, X NMp 41 = a(Mp 1) X a(M)=a (M) X a(My, 1)
= (@ (@(My1) X (M)~ (@7 (a(My) X @My 11)))
= (M 11My) = (M My 41)
= a (@ (M 41Mey) = 2, My 1))
= a(My11Myy — MMy 1)
= a(2m —2") = 2m 20

(i)  NML,,; X NML,,~NML, X NML_,,; =
a(MLy11) X a(MLy)=a(ML,) X a(MLp, 44)

= a(a"l(a(an+1) X a(mLm))) ;a(a-l(a(an) x a(mLm+1)))
= a(ML, . ML,)—a(ML, ML, +1)
=« (a‘1 (a(ML, 1MLy, — a(anmLm+1)))
= a(ML,.; ML, — ML, ML, ;) = a(2" — 2™)
— Hnom
Theorem 2.8 (Honsberger Identity)

0) NM,_; X NM, +NM, X NM,,; = 5 x 207k-123 % 213 5 ok-147
(i)  NML,_; X NML, +NML;, x NML, ,; = 5 x 20143 % 2043 x 2k-142

Proof:

(i) NMYy_g X N, Ny X N, g = a(My—q) X (M) +a (M) X a(My4q)
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= (a‘l (a(My_1) X a(mn))) +a (a‘l(a(mk) X a(mn+1)))
= a(My_1 M) +a (MM 1)
= a(a ™ (aMaMy) + a(MMyia)))
= (M1 My — MMy 44)
= q(5.2" k-1 — 3,2 —3.2k71 1+ 2)
= 5% 20 Hkl3 g g3 x 2kl

(i)  NML,_; X NML, +NML; x NML, ., =
a(ML—_1) X a(MLy)+a(MLy) X a(ML, 1)

= (a_l (a(MLy_) X a(an))) +a (a‘l (a(MLy) x a(an+1)))
= a(MLy_y ML) +a(ML ML, 41)
=« (a‘1 (a(ML,_;ML,) + a(mLkan+1)))
= a(MLy_ ML, + ML MLy 4 1)
= q(5.2"F1 4+ 3.2" + 3.2 1 4+ 2)

= §x 2R3 % 2043 % 2k 14

Theorem 2.9

(i) NM, =NML,-2

(i) aXroNM =NM,;~(n+i)

(i)  aXloNML; = NML,,;+(n=1)

(iv)  aXio(NM; x NML) = (n+1) x NmM,

Proof:

() NM, = a(M,) = a(My,; — 2) = NML, =2
(i) aXi N =aZi,m)
= a(M,41 — (n+ 1)) = NM, ;- (n+1)
(iii)  aXoNML; = a(Xl, ML)
= (ML, + (0 — 1)) = NML,,;+(n+1)
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(iv)  aXio(NM; x NML) = a3, (NINML;))
=a((n+1)M,) = (n+1) x NM,

Theorem 2.10 Identities among Non-Newtonian Mersenne and Mersenne-Lucas sequences

NM,, = NM,, x NML,

NM,,41 = NM,, x NML,,,,+2"

1 . . . .
Nm2n+1 = Ea X (Nmn X Nan+1+Nan X Nmn+1)

i . :
NmL2n+1 = E(Z X (Nmn X Nmn+1+Nan X Nan+1)

NML,, = NM, x NML,+2
Theorem 2.11
NM,, x NML,, = NM,,,, wheren > 1.
Proof
Ny, X NMLy, = a(My,) X a(MLyy,)
=a (a_l (a(My,) x a(mLZn)))
= a(My,MLy,) = a(My,) = NMy,
Theorem 2.12
NMy, X NMLoy 1z = NMy,4o—(22%) X 3, where n > 1.
Proof

NMy, X NMLyy o = a(My,) X a(MLyy,s2)

= a (a1 (@(My) X a(MLsysz)) )
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= a(Myy MLy 42) = a(My, 4 — 3(221)) = Nm4n+2;(22ﬁ) X3

Theorem 2.13
NMy, X NMLgy g = NMy, 4 —(221), where n > 1.
Proof
NMy, NMLyp 1 = a(Myy) X a(MLyy 1)
= (¢ (@(Mgy) X @(Mzn11)))
= a(My, MLz, 11)
= a(Myns1 — (22M)
= Nm4n+1;(22ﬁ)
Theorem 2.14
NMy, X NMLgy 13 = NMy, 457 X (221), where n > 1.
Proof
NMyp X NMLyp 3 = a(Mzn) X a(MLzyy3)
= a (a7 (@ (M) X @(MLns3)))
= a(My, MLz, 43)
= a(My, 43 — 7(2%M))
= NMypys=7 % (22%)
Theorem 6.15

NMy, 4 X NMLyy g = NMy, ~3 x (224°1), where n > 1.
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Proof

NMy, i NMLyp 1 = a(Myy—q) X a(MLyyyq)

= a (@ (a(Myp-) X a(MLansr)))
= a(Mzn—1MLzn41)
= a(My, —3(2*" 1)
= NM,,, =3 x (22%-1)
Theorem 2.16
NMyp, 1 X NMLy, = NMy,, 41 +(221), where n > 1.
Proof
NMyp 41 X NMLo, = a(Myp 1) X a(MLyy,)
=a (“_1 (a(m2n+1) X a(mLZn)))
= a(Mzn+1MLzy)
= a(Myp11 + (271))
= NMy, 41 +(2%)
Theorem 2.17
NM,, x NML, = NM,,, ., ~2™ x NM,,_,,,, wheren > 1, m > 0.
Proof

NM,, X NML, = a(M,,) X a(ML,)

= a (@ (a(M,,) x a(ML,)))
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= a(M,ML,) = a(Mp 4, — 2™M,,_,) = Nmm+n;2m X NMy,

Theorem 2.18

NM,, X NMLy,m = NNy, =27 X NM,, 4, Wwheren > 1, m > 0.
Proof
NM, X NMLzp 4 = a(My) X a(MLzp 4)

=q (a_l(a(mn) X a(mL2n+m)))

= a(MMLypm) = a(Mapym — 2" My i)

= Nm3n+m;2ﬁ X NMy, 4

Theorem 2.19

NMy,4m X NML, = NMy, ., +2% X NM,,,,,, wheren > 1, m > 0.
Proof
NMypym X NML, = a(Myp10n) X a(MLy,)

=a (a‘l(a(m2n+m) X a(an)))

= a(MznymMLy)

= a(Mzpm + 2"My ) = Nm3n+m+2ﬁ X Ny, 1.
Theorem 2.20

NMy, X NMLoy 1y = NNy —(22%) X NM,,,, wheren > 1, m > 0.
Proof

NmZn X NmL2n+m = a(mZn) X a(mL2n+m)

=qa (a{_l (a(mm) X a(mL2n+m)))
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= a(My,MLypim) =AMy — (22HMy,)
= NMyp 4 —(22%) X N,

Theorem 2.21

Ny, m X NML,, = NMy,, 4w +22% X NM,,,, wheren > 1, m > 0.
Proof
NMypym X NMLyy, = a(Mapgm) X a(MLyy)

=q (a_l(a(m2n+m) X a(mLZn)))

= a(Mzn4mML2y)

= a(Mypim + 22"M,,) = NNy, +2%% X NM,,,
Theorem 2.22

The sums of their consecutive terms are

n . .
NM, ,—2n=-3
a Z NM; = ntz a

i=1 2
a Yy NMy; = w
a Yimg Ny = w
@ Xig Ny = w
a X NML; = w
QB N = MM 219
ay!'  NMLy; = NMLzn 243115

3
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NMLyy 434319

a =i NMLy; 4 = 3

Theorem 6.23

Let NM,, be the n*” Non-Newtonian Mersenne number. Let n and k be arbitrary positive integers
then the following equality is satisfied.
NM, X N, 1 = NMyy 4 =NM, 1 =N,

Proof

Nmn X Nmn+k = a(mn) X a(an+k)

=a (a_l(a(mn) X a(an+k)))
= a(M,MLy 1) = a(Map g — My — M)
= NMyp 4 =Ny, 1 —NM,
Taking k = 0 and k = 1, we get
NM2 = NM,,~2 x NM,,
NM, X NM, 11 = NMy, 1 =NM,, ;- —=NM,,

3. Conclusion:

In this paper, we have introduced a new class of sequences, named the non-Newtonian
Mersenne and non-Newtonian Mersenne-Lucas numbers. . The Binet’s formulas and
generating functions for these sequences are obtained. Some interesting identities about these
sequences are also presented.
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