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Abstract 

In this paper we introduce a new class of  Mersenne and Mersenne-Lucas numbers, constructed 

in the framework of non-Newtonian calculus, that we call respectively, non-Newtonian 

Mersenne and non-Newtonian Mersenne-Lucas numbers.  From the view point of non-

Newtonian calculus, we investigate some important identities and formulas of the classical 

Mersenne numbers and Mersenne-Lucas numbers.  As a result we prove several relations of 

non-Newtonian Mersenne and Mersenne-Lucas numbers. We also study some other properties of 

these non-Newtonian numbers, such as Catalan-like identities, Cassini-like identities, Binet-like 

formulas and generating functions.   

1. Introduction 

The initial endeavour in non-Newtonian calculus originated with Grossman and Katz in 

1972. They modified the calculus developed by Newton and Leibniz in the 1700s, since a 

recognised method for developing a familiar mathematical system involves altering the 

assumptions of an existing one. Additionally, they presented an infinite family of calculus that 

encompasses specialised calculi, including anageometric calculus, bigeometric calculus, 

harmonic calculus, and geometric calculus. The addition, subtraction, multiplication, division, 

ordering, derivative, and integral operations in each of these new calculi vary, which leads to 

novel applications for intriguing mathematical and related problems, some of which are in 

quantum calculus, functional analysis, complex analysis, fractal geometry, differential equations, 

calculus of variations, image analysis, signal processing, and economics. 

 

The Fibonacci and Lucas numbers have been generalised in a different method by De 

Ágirmen and Duyar [9]. The authors created a new form of Fibonacci and Lucas numbers known 

as non-Newtonian Fibonacci and non-Newtonian Lucas numbers by combining the Fibonacci 

numbers, Lucas numbers, and non-Newtonian real numbers. They also investigated a few 

characteristics of these numbers. 

The concepts discussed in [9] are extended to Mersenne and Mersenne-Lucas numbers in 

this study. This paper's primary goal is to present and examine non-Newtonian Mersenne and 

non-Newtonian Mersenne-Lucas numbers. This requires some prior knowledge of Mersenne and 

Mersenne-Lucas numbers[5-8, 10 as well as Non-Newtonian calculus[1-4]. 
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Although the term "arithmetic" is typically used to refer to positive integers, in this 

context it refers to an integer ordered field whose universe is a subset of the set of real numbers. 

 Let 𝛼: 𝑅 → 𝐴 ⊆ 𝑅  be a bijection. Then, it is called a generator and defines an arithmetic. A non-

Newtonian real number is any element in the range of α, represented by 𝑅 𝛼 . The classical 

arithmetic is obtained choosing 𝛼 = 𝐼, and it results 𝑅𝐼 = 𝑅. 

𝛼 − 𝑎𝑟𝑖𝑡ℎ𝑚𝑒𝑡𝑖𝑐 

𝑅𝑒𝑎𝑙𝑚 𝑅 𝛼
𝛼 − 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝜌+ 𝜏 = 𝛼 𝛼−1 𝜌 + 𝛼−1 𝜏  

𝛼 − 𝑠𝑢𝑏𝑡𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝜌− 𝜏 = 𝛼 𝛼−1 𝜌 − 𝛼−1 𝜏  

𝛼 − 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝜌 × 𝜏 = 𝛼 𝛼−1 𝜌 × 𝛼−1 𝜏  

𝛼 − 𝑑𝑖𝑣𝑖𝑠𝑖𝑜𝑛 𝜌/ 𝜏 =
𝜌

𝜏
𝛼 = 𝛼  

𝛼−1 𝜌 

𝛼−1 𝜏 
  𝜏 ≠ 0 

𝛼 − 𝑜𝑟𝑑𝑒𝑟𝑖𝑛𝑔 𝜌 < 𝜏 ⟺ 𝛼−1 𝜌 < 𝛼−1 𝜏 

 

where  𝜌, 𝜏 ∈ 𝑅 𝛼 . 

A number of the type 𝑀𝑛 = 2𝑛 − 1, where n is an integer, was first developed in 1644 by 

the French mathematician Marin Mersenne. The Mersenne sequences have been investigated as 

part of numerous studies. The definition of Mersenne-Lucas sequences is 𝑀𝐿𝑛 = 2𝑛 + 1, 𝑛 ≥ 2, 

with 𝑀𝐿0 = 2,𝑀𝐿1 = 3. 

2. Main Results: 

Definition: 2.1 

Non-Newtonian Mersenne and Non-Newtonian Mersenne Lucas sequences are defined as 

𝑁ᙏ𝑛 = 𝛼 ᙏ𝑛   and 𝑁ᙏL𝑛 = 𝛼 ᙏL𝑛   where ᙏ𝑛   and ᙏL𝑛  are 𝑛𝑡ℎ Mersenne and Mersenne 

Lucas sequences. 

The set of Non-Newtonian Mersenne and Non-Newtonian Mersenne Lucas sequences which we 

denote by 𝑁ᙏ𝑛  and 𝑁ᙏL𝑛  are as follows: 

𝑁ᙏ =  𝑁ᙏ𝑛 : 𝑛 ∈ ℕ  

=  0 , 1 , 3 , 7 , 15, 31 , …  𝛼 ᙏ𝑛 ,…   

and  𝑁ᙏL =  NᙏL𝑛 : 𝑛 ∈ ℕ  

=  2 , 3 , 5 , 9 , 17, 33 , …  𝛼 ᙏL𝑛 ,…   

Choosing the generator I defined by 𝛼 𝑦 = 𝑦 for every 𝑦 ∈ ℝ, we obtain Mersenne and 

Mersenne-Lucas numbers with respect to classical arithmetic, respectively. 
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Also , if we consider the generator exp defined by 𝛼 𝑦 = 𝑒𝑦  for each 𝑦 ∈ ℝ, we obtain 

Mersenne and Mersenne-Lucas numbers with respect to geometric arithmetic, respectively, as 

follows: 

𝑁𝐺ᙏ =  𝛼 ᙏ𝑛 : 𝑛 ∈ ℕ  

=  𝑒ᙏ𝑛 : 𝑛 ∈ ℕ  

=  𝑒0, 𝑒1, 𝑒3, 𝑒7, 𝑒15 , 𝑒31 , … 𝑒ᙏ𝑛 , …   

and                                                          𝑁𝐺ᙏL =  𝛼 ᙏL𝑛 : 𝑛 ∈ ℕ   

=  𝑒ᙏL𝑛 : 𝑛 ∈ ℕ   

=  𝑒2, 𝑒3, 𝑒5, 𝑒9, 𝑒17 , 𝑒33 , … 𝑒ᙏL𝑛 , …    

Theorem: 2.1 

(i) 𝑁ᙏ𝑛+2 = 3 × 𝑁ᙏ𝑛+1− 2 × 𝑁ᙏ𝑛  

(ii) 𝑁ᙏL𝑛+2 = 3 × 𝑁ᙏL𝑛+1− 2 × 𝑁ᙏL𝑛  

Proof: 

(i) 3 × 𝑁ᙏ𝑛+1− 2 × 𝑁ᙏ𝑛 = 𝛼(3) × 𝛼 ᙏ𝑛+1 − 𝛼(2) × 𝛼 ᙏ𝑛  

= 𝛼 𝛼−1𝛼 𝛼−1𝛼(3) × 𝛼−1𝛼 ᙏ𝑛+1  − 𝛼−1𝛼 𝛼−1𝛼(2) × 𝛼−1𝛼 ᙏ𝑛    

= 𝛼 3ᙏ𝑛+1 − 2ᙏ𝑛  

= 𝛼 ᙏ𝑛+2  

= 𝑁ᙏ𝑛+2 

(ii) 3 × 𝑁ᙏL𝑛+1− 2 × 𝑁ᙏL𝑛 = 𝛼(3) × 𝛼 ᙏL𝑛+1 − 𝛼(2) × 𝛼 ᙏL𝑛  

= 𝛼 𝛼−1𝛼 𝛼−1𝛼(3) × 𝛼−1𝛼 ᙏL𝑛+1  − 𝛼−1𝛼 𝛼−1𝛼(2) × 𝛼−1𝛼 ᙏL𝑛    

= 𝛼 3ᙏL𝑛+1 − 2ᙏL𝑛  

= 𝛼 ᙏL𝑛+2  

= 𝑁ᙏL𝑛+2 

Theorem: 2.2 
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The generating functions for Non-Newtonian Mersenne and Mersenne-Lucas sequences are 

given by 

(i) 𝑔 𝑠 =
𝑠

1 − 3×  𝑠+ 2 × 𝑠2 𝛼 

(ii) ℎ 𝑠 =
2 − 3× 𝑠

1 − 3×  𝑠+ 2 × 𝑠2 𝛼 

Proof: 

(i) 𝑔 𝑠 = 𝛼  𝑁ᙏ𝑛 × 𝑠𝑛 ∞
𝑛=0  

= 𝑠+ 𝛼 𝑁ᙏ𝑛 × 𝑠𝑛 
∞

𝑛=2

 

= 𝑠+ 𝛼  3 × 𝑁ᙏ𝑛−1− 2 × 𝑁ᙏ𝑛−2 × 𝑠𝑛 
∞

𝑛=2

 

= 𝑠+ 𝛼  3 × 𝑁ᙏ𝑛−1 × 𝑠𝑛 
∞

𝑛=2

+ 𝛼  − 2 × 𝑁ᙏ𝑛−2 × 𝑠𝑛 
∞

𝑛=2

 

= 𝑠+ 3 × 𝛼  𝑁ᙏ𝑛−1 × 𝑠𝑛 
∞

𝑛=2

− 2 × 𝛼  𝑁ᙏ𝑛−2 × 𝑠𝑛 
∞

𝑛=2

 

 

𝑠 × 𝑔 𝑠 = 𝛼 𝑁ᙏ𝑛 × 𝑠𝑛 + 1 
∞

𝑛=0

= 𝛼 𝑁ᙏ𝑛−1 × 𝑠𝑛 
∞

𝑛=2

 

𝑠2 × 𝑔 𝑠 = 𝛼 𝑁ᙏ𝑛 × 𝑠𝑛 + 2 
∞

𝑛=0

= 𝛼 𝑁ᙏ𝑛−2 × 𝑠𝑛 
∞

𝑛=2

 

 1 − 3 × 𝑠+ 2 × 𝑠 2  × 𝑔 𝑠 = 𝑔 𝑠 − 3 ×  𝑠 × 𝑔 𝑠  + 2 ×  𝑠2 × 𝑔 𝑠   

= 𝑠+ 3 × 𝛼  𝑁ᙏ𝑛−1 × 𝑠𝑛  

∞

𝑛=2

− 2 × 𝛼  𝑁ᙏ𝑛−2 × 𝑠𝑛  

∞

𝑛=2

 

− 3 × 𝛼  𝑁ᙏ𝑛−1 × 𝑠𝑛  

∞

𝑛=2

+ 2 × 𝛼  𝑁ᙏ𝑛−2 × 𝑠𝑛  

∞

𝑛=2

 

 

               = 𝑠. 

Hence,       𝑔 𝑠 =
𝑠

1 − 3×  𝑠+ 2 × 𝑠2 𝛼 

(ii) ℎ 𝑠 = 𝛼 𝑁ᙏL𝑛 × 𝑠𝑛 ∞
𝑛=0  



 

 

 

 

115 

2026 Volume 09 Issue 01 www.irjweb.com | Jan – 2026 - IRJEdT 

International Research Journal of Education and Technology 

Peer Reviewed Journal, ISSN: 2581-7795 

= 2 + 3 × 𝑠+ 𝛼 𝑁ᙏL𝑛 × 𝑠𝑛 
∞

𝑛=2

 

= 2 + 3 × 𝑠+ 𝛼  3 × 𝑁ᙏL𝑛−1− 2 × 𝑁ᙏL𝑛−2 × 𝑠𝑛 
∞

𝑛=2

 

= 2 + 3 × 𝑠+ 𝛼  3 × 𝑁ᙏL𝑛−1 × 𝑠𝑛 
∞

𝑛=2

+ 𝛼  − 2 × 𝑁ᙏL𝑛−2 × 𝑠𝑛 
∞

𝑛=2

 

= 2 + 3 × 𝑠+ 3 × 𝛼  𝑁ᙏL𝑛−1 × 𝑠𝑛 
∞

𝑛=2

− 2 × 𝛼  𝑁ᙏL𝑛−2 × 𝑠𝑛 
∞

𝑛=2

 

 

𝑠 × ℎ 𝑠 = 𝛼 𝑁ᙏL𝑛 × 𝑠𝑛 + 1 
∞

𝑛=0

= 2 × 𝑠+ 𝛼 𝑁ᙏL𝑛−1 × 𝑠𝑛 
∞

𝑛=2

 

𝑠2 × ℎ 𝑠 = 𝛼 𝑁ᙏL𝑛 × 𝑠𝑛 + 2 
∞

𝑛=0

= 𝛼 𝑁ᙏL𝑛−2 × 𝑠𝑛 
∞

𝑛=2

 

 1 − 3 × 𝑠+ 2 × 𝑠 2  × ℎ 𝑠 = ℎ 𝑠 − 3 ×  𝑠 × ℎ 𝑠  + 2 ×  𝑠2 × ℎ 𝑠   

= 2 + 3 × 𝑠+ 3 × 𝛼  𝑁ᙏL𝑛−1 × 𝑠𝑛  

∞

𝑛=2

− 2 × 𝛼  𝑁ᙏL𝑛−2 × 𝑠𝑛  

∞

𝑛=2

 

− 3 ×  2 × 𝑠+ 𝛼  𝑁ᙏL𝑛−1 × 𝑠𝑛  

∞

𝑛=2

 + 2 ×  𝛼 𝑁ᙏL𝑛−2 × 𝑠𝑛 
∞

𝑛=2

  

= 2 − 3 × 𝑠 

 

Hence,       ℎ 𝑠 =
2 − 3× 𝑠

1 − 3×  𝑠+ 2 × 𝑠2 𝛼 

Theorem: 2.3 

The Binet formula for for Non-Newtonian Mersenne and Mersenne-Lucas sequences are given 

by 

(i) 𝑁ᙏ𝑛 = 𝑟1 
𝑛 − 𝑟2 

𝑛   

(ii) 𝑁ᙏL𝑛 = 𝑟1 
𝑛 + 𝑟2 

𝑛   where 𝑟1 = 1 , 𝑟2 = 2  

Proof:  

(i) 𝑟1 
𝑛 − 𝑟2 

𝑛 =  𝑟1 × 𝑟1 × 𝑟1 × … (𝑛 𝑡𝑖𝑚𝑒𝑠) −  𝑟2 × 𝑟2 × 𝑟2 × … (𝑛 𝑡𝑖𝑚𝑒𝑠)   

 

= 𝛼 𝑟1
𝑛 − 𝛼 𝑟2

𝑛 = 𝛼 𝛼−1𝛼 𝑟1
𝑛 − 𝛼−1𝛼 𝑟2

𝑛   
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= 𝛼 𝑟1
𝑛 − 𝑟2

𝑛 = 𝛼 ᙏ𝑛 = 𝑁ᙏ𝑛  

 

(ii) 𝑟1 
𝑛 + 𝑟2 

𝑛 =  𝑟1 × 𝑟1 × 𝑟1 × … (𝑛 𝑡𝑖𝑚𝑒𝑠) +  𝑟2 × 𝑟2 × 𝑟2 × … (𝑛 𝑡𝑖𝑚𝑒𝑠)   

 

= 𝛼 𝑟1
𝑛 + 𝛼 𝑟2

𝑛 = 𝛼 𝛼−1𝛼 𝑟1
𝑛 + 𝛼−1𝛼 𝑟2

𝑛   

= 𝛼 𝑟1
𝑛 + 𝑟2

𝑛 = 𝛼 ᙏL𝑛 = 𝑁ᙏL𝑛  

Theorem: 2.4 (Vajda Identity) 

Let n, rand s be positive integers. Then, we have 

(i) Nᙏn+r × Nᙏn+s− Nᙏn × Nᙏn+r+s = 2 n × Nᙏr × Nᙏs  

(ii) NᙏLn+r × NᙏLn+s− NᙏLn × NᙏLn+r+s = − 1 × 2 n × Nᙏr × Nᙏs  

Proof:  

(i) Nᙏn+r × Nᙏn+s− Nᙏn × Nᙏn+r+s = α ᙏn+r × 𝛼 ᙏn+s − α ᙏn × 𝛼 ᙏn+r+s  

= α 𝛼−1 𝛼 ᙏn+r × 𝛼 ᙏn+s   − α  𝛼
−1 α ᙏn × 𝛼 ᙏn+r+s    

= α ᙏn+rᙏn+s − α ᙏnᙏn+r+s  

= α 𝛼−1 α ᙏn+rᙏn+s − α ᙏnᙏn+r+s    

= α ᙏn+rᙏn+s −ᙏnᙏn+r+s  

= 𝛼 2𝑛ᙏ𝑟ᙏ𝑠 = 2 n × Nᙏr × Nᙏs 

(ii) NᙏLn+r × NᙏLn+s− NᙏLn × NᙏLn+r+s =

α ᙏLn+r × 𝛼 ᙏLn+s − α ᙏLn × 𝛼 ᙏLn+r+s  

= α 𝛼−1 𝛼 ᙏLn+r × 𝛼 ᙏLn+s   − α  𝛼
−1 α ᙏLn × 𝛼 ᙏLn+r+s    

= α ᙏLn+rᙏLn+s − α ᙏLnᙏLn+r+s  

= α 𝛼−1 α ᙏLn+rᙏLn+s − α ᙏLnᙏLn+r+s    

= α ᙏLn+rᙏLn+s −ᙏLnᙏLn+r+s = 𝛼 −2𝑛ᙏL𝑟ᙏL𝑠  

= − 1 × 2 n × Nᙏr × Nᙏs  

Theorem 2.5 (Catalan’s identity) 
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(i) Nᙏn−s × Nᙏn+s− Nᙏn
2 = − 1 × 2 n −s × Nᙏs

2
 

(ii) NᙏLn−s × NᙏLn+s− NᙏLn
2 = 2 n −s × Nᙏs

2
 

Proof: 

(i) Nᙏn−s × Nᙏn+s− Nᙏn
2 = 𝛼 ᙏn−s × 𝛼 ᙏn+s − α ᙏn

2  

= 𝛼  𝛼−1 𝛼 ᙏn−s × 𝛼 ᙏn+s   − α ᙏn
2  

= 𝛼 ᙏn−sᙏn+s − α ᙏn
2  

= 𝛼  𝛼−1  𝛼 ᙏn−sᙏn+s − α ᙏn
2    

= 𝛼 ᙏn−sᙏn+s −ᙏn
2  

= 𝛼 −2n−sᙏs
2 = − 1 × 2 n −s × Nᙏs

2
 

(ii) NᙏLn−s × NᙏLn+s− NᙏLn
2 = 𝛼 ᙏLn−s × 𝛼 ᙏLn+s − α ᙏLn

2   

= 𝛼  𝛼−1 𝛼 ᙏLn−s × 𝛼 ᙏLn+s   − α ᙏLn
2   

= 𝛼 ᙏLn−sᙏLn+s − α ᙏLn
2   

= 𝛼  𝛼−1 𝛼 ᙏLn−sᙏLn+s − α ᙏLn
2     

= 𝛼 ᙏLn−sᙏLn+s −ᙏLn
2   

= 𝛼 2n−sᙏs
2 = 2 n −s × Nᙏs

2
 

Theorem 2.6 (Cassini’s identity) 

(i) Nᙏn−1 × Nᙏn+1− Nᙏn
2 = − 1 × 2 n −1   

(ii) NᙏLn−1 × NᙏLn+1− NᙏLn
2 = 2 n −1   

Proof: 

(i) Nᙏn−1 × Nᙏn+1− Nᙏn
2 = 𝛼 ᙏn−1 × 𝛼 ᙏn+1 − α ᙏn

2  

= 𝛼  𝛼−1 𝛼 ᙏn−1 × 𝛼 ᙏn+1   − α ᙏn
2  

= 𝛼 ᙏn−1ᙏn+1 − α ᙏn
2  

= 𝛼  𝛼−1  𝛼 ᙏn−1ᙏn+1 − α ᙏn
2    

= 𝛼 ᙏn−1ᙏn+1 −ᙏn
2  

= 𝛼 −2n−1 = − 1 × 2 n −s  

(ii) NᙏLn−1 × NᙏLn+1− NᙏLn
2 = 𝛼 ᙏLn−1 × 𝛼 ᙏLn+1 − α ᙏLn

2   

= 𝛼  𝛼−1 𝛼 ᙏLn−1 × 𝛼 ᙏLn+1   − α ᙏLn
2   

= 𝛼 ᙏLn−1ᙏLn+1 − α ᙏLn
2   
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= 𝛼  𝛼−1 𝛼 ᙏLn−1ᙏLn+1 − α ᙏLn
2     

= 𝛼 ᙏLn−1ᙏLn+1 −ᙏLn
2   

= 𝛼 2n−1 = 2 n −1   

Theorem 2.7 (d’Ocagne’s identity) 

(i) Nᙏn+1 × Nᙏm− Nᙏn × Nᙏm+1 = 2 m − 2 n  

(ii) NᙏLn+1 × NᙏLm− NᙏLn × NᙏLm+1 = 2 n − 2 m  

Proof:  

(i) Nᙏn+1 × Nᙏm− Nᙏn × Nᙏm+1 = α ᙏn+1 × 𝛼 ᙏm − α ᙏn × 𝛼 ᙏm+1  

= α 𝛼−1 𝛼 ᙏn+1 × 𝛼 ᙏm   − α  𝛼−1 α ᙏn × 𝛼 ᙏm+1    

= α ᙏn+1ᙏm − α ᙏnᙏm+1  

= α 𝛼−1 α ᙏn+1ᙏm − α ᙏnᙏm+1    

= α ᙏn+1ᙏm −ᙏnᙏm+1  

= 𝛼 2𝑚 − 2𝑛 = 2 m − 2 n  

(ii) NᙏLn+1 × NᙏLm− NᙏLn × NᙏLm+1 =

α ᙏLn+1 × 𝛼 ᙏLm − α ᙏLn × 𝛼 ᙏLm+1  

= α 𝛼−1 𝛼 ᙏLn+1 × 𝛼 ᙏLm   − α  𝛼−1 α ᙏLn × 𝛼 ᙏLm+1    

= α ᙏLn+1ᙏLm − α ᙏLnᙏLm+1  

= α 𝛼−1 α ᙏLn+1ᙏLm − α ᙏLnᙏLm+1    

= α ᙏLn+1ᙏLm −ᙏLnᙏLm+1 = 𝛼 2𝑛 − 2𝑚   

= 2 n − 2 m  

Theorem 2.8 (Honsberger Identity) 

(i) Nᙏk−1 × Nᙏn + Nᙏk × Nᙏn+1 = 5 × 2 n + k
 − 1 − 3 × 2 n − 3 × 2 k

 − 1 + 2  

(ii) NᙏLk−1 × NᙏLn+ NᙏLk × NᙏLn+1 = 5 × 2 n + k
 − 1 + 3 × 2 n + 3 × 2 k

 − 1 + 2  

Proof:  

(i) Nᙏk−1 × Nᙏn + Nᙏk × Nᙏn+1 = α ᙏk−1 × 𝛼 ᙏn + α ᙏk × 𝛼 ᙏn+1  
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= α 𝛼−1 𝛼 ᙏk−1 × 𝛼 ᙏn   + α  𝛼−1 α ᙏk × 𝛼 ᙏn+1    

= α ᙏk−1ᙏn + α ᙏkᙏn+1  

= α 𝛼−1 α ᙏk−1ᙏn + α ᙏkᙏn+1    

= α ᙏk−1ᙏn −ᙏkᙏn+1  

= 𝛼 5.2𝑛+𝑘−1 − 3. 2𝑛 − 3. 2𝑘−1 + 2  

= 5 × 2 n + k
 − 1 − 3 × 2 n − 3 × 2 k

 − 1 + 2  

(ii) NᙏLk−1 × NᙏLn+ NᙏLk × NᙏLn+1 =

α ᙏLk−1 × 𝛼 ᙏLn + α ᙏLk × 𝛼 ᙏLn+1  

= α 𝛼−1 𝛼 ᙏLk−1 × 𝛼 ᙏLn   + α  𝛼−1 α ᙏLk × 𝛼 ᙏLn+1    

= α ᙏLk−1ᙏLn + α ᙏLkᙏLn+1  

= α 𝛼−1 α ᙏLk−1ᙏLn + α ᙏLkᙏLn+1    

= α ᙏLk−1ᙏLn + ᙏLkᙏLn+1  

= 𝛼 5.2𝑛+𝑘−1 + 3. 2𝑛 + 3. 2𝑘−1 + 2  

= 5 × 2 n + k
 − 1 + 3 × 2 n + 3 × 2 k

 − 1 + 2  

 

Theorem 2.9 

(i) Nᙏn = NᙏLn− 2  

(ii) 𝛼  Nᙏi
𝑛
𝑖=0 = Nᙏn+1−  n + 1   

(iii) 𝛼  NᙏLi
𝑛
𝑖=0 = NᙏLn+1+  n − 1   

(iv) 𝛼   Nᙏi × NᙏLi 
𝑛
𝑖=0 =  n + 1  × Nᙏn  

Proof:  

(i)  Nᙏn = α ᙏn = α ᙏn+1 − 2 = NᙏLn− 2  

(ii) 𝛼  Nᙏi
𝑛
𝑖=0 = 𝛼  ᙏi

𝑛
𝑖=0   

= 𝛼 ᙏn+1 − (n + 1) = Nᙏn+1−  n + 1   

(iii) 𝛼  NᙏLi
𝑛
𝑖=0 = 𝛼  ᙏLi

𝑛
𝑖=0   

= 𝛼 ᙏLn+1 + (n − 1) = NᙏLn+1+  n − 1   
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(iv) 𝛼   Nᙏi × NᙏLi 
𝑛
𝑖=0 = 𝛼   NᙏiNᙏLi 

𝑛
𝑖=0   

= 𝛼  𝑛 + 1 ᙏn =  n + 1  × Nᙏn  

Theorem 2.10 Identities among Non-Newtonian Mersenne and Mersenne-Lucas sequences 

Nᙏ2𝑛 = Nᙏ𝑛 × Nᙏ𝐿𝑛  

Nᙏ2𝑛+1 = Nᙏ𝑛 × Nᙏ𝐿𝑛+1+ 2 𝑛  

Nᙏ2𝑛+1 =
1 

2 
𝛼 × (Nᙏ𝑛 × Nᙏ𝐿𝑛+1+ Nᙏ𝐿𝑛 × Nᙏ𝑛+1) 

Nᙏ𝐿2𝑛+1 =
1 

2 
𝛼 × (Nᙏ𝑛 × Nᙏ𝑛+1+ Nᙏ𝐿𝑛 × Nᙏ𝐿𝑛+1) 

Nᙏ𝐿2𝑛 = Nᙏ𝑛 × Nᙏ𝐿𝑛+ 2  

Theorem 2.11 

Nᙏ2𝑛 × Nᙏ𝐿2𝑛 = Nᙏ4𝑛 , where 𝑛 ≥ 1. 

Proof 

Nᙏ2𝑛 × Nᙏ𝐿2𝑛 = 𝛼 ᙏ2𝑛 × 𝛼 ᙏ𝐿2𝑛  

 = 𝛼  𝛼−1 𝛼 ᙏ2𝑛 × 𝛼 ᙏ𝐿2𝑛    

 = 𝛼 ᙏ2𝑛ᙏ𝐿2𝑛 = 𝛼 ᙏ4𝑛 = Nᙏ4𝑛  

Theorem 2.12 

Nᙏ2𝑛 × Nᙏ𝐿2𝑛+2 = Nᙏ4𝑛+2−  2 2 𝑛  × 3, where 𝑛 ≥ 1. 

Proof 

Nᙏ2𝑛 × Nᙏ𝐿2𝑛+2 = 𝛼 ᙏ2𝑛 × 𝛼 ᙏ𝐿2𝑛+2  

 = 𝛼  𝛼−1 𝛼 ᙏ2𝑛 × 𝛼 ᙏ𝐿2𝑛+2    
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 = 𝛼 ᙏ2𝑛ᙏ𝐿2𝑛+2 = 𝛼 ᙏ4𝑛+2 − 3 22𝑛  = Nᙏ4𝑛+2−  2 2 𝑛  × 3 

Theorem 2.13 

Nᙏ2𝑛 × Nᙏ𝐿2𝑛+1 = Nᙏ4𝑛+1−  2 2 𝑛  , where 𝑛 ≥ 1. 

Proof 

Nᙏ2𝑛Nᙏ𝐿2𝑛+1 =  𝛼 ᙏ2𝑛 × 𝛼 ᙏ𝐿2𝑛+1  

 = 𝛼  𝛼−1 𝛼 ᙏ2𝑛 × 𝛼 ᙏ𝐿2𝑛+1    

 = 𝛼 ᙏ2𝑛ᙏ𝐿2𝑛+1  

 = 𝛼 ᙏ4𝑛+1 −  22𝑛   

= Nᙏ4𝑛+1−  2 2 𝑛   

Theorem 2.14   

Nᙏ2𝑛 × Nᙏ𝐿2𝑛+3 = Nᙏ4𝑛+3− 7 ×  2 2 𝑛  , where 𝑛 ≥ 1. 

Proof 

Nᙏ2𝑛 × Nᙏ𝐿2𝑛+3 =  𝛼 ᙏ2𝑛 × 𝛼 ᙏ𝐿2𝑛+3  

 = 𝛼  𝛼−1 𝛼 ᙏ2𝑛 × 𝛼 ᙏ𝐿2𝑛+3    

 = 𝛼 ᙏ2𝑛ᙏ𝐿2𝑛+3  

= 𝛼 ᙏ4𝑛+3 − 7 22𝑛   

= Nᙏ4𝑛+3− 7 ×  2 2 𝑛   

Theorem 6.15 

Nᙏ2𝑛−1 × Nᙏ𝐿2𝑛+1 = Nᙏ4𝑛− 3 ×  2 2 𝑛 − 1  , where 𝑛 ≥ 1. 
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Proof 

Nᙏ2𝑛−1Nᙏ𝐿2𝑛+1 =  𝛼 ᙏ2𝑛−1 × 𝛼 ᙏ𝐿2𝑛+1  

 = 𝛼  𝛼−1 𝛼 ᙏ2𝑛−1 × 𝛼 ᙏ𝐿2𝑛+1    

 = 𝛼 ᙏ2𝑛−1ᙏ𝐿2𝑛+1  

= 𝛼 ᙏ4𝑛 − 3 22𝑛−1   

= Nᙏ4𝑛− 3 ×  2 2 𝑛 − 1   

Theorem 2.16 

Nᙏ2𝑛+1 × Nᙏ𝐿2𝑛 = Nᙏ4𝑛+1+  2 2 𝑛  , where 𝑛 ≥ 1. 

Proof 

Nᙏ2𝑛+1 × Nᙏ𝐿2𝑛 = 𝛼 ᙏ2𝑛+1 × 𝛼 ᙏ𝐿2𝑛  

 = 𝛼  𝛼−1 𝛼 ᙏ2𝑛+1 × 𝛼 ᙏ𝐿2𝑛    

 = 𝛼 ᙏ2𝑛+1ᙏ𝐿2𝑛  

 = 𝛼 ᙏ4𝑛+1 +  22𝑛   

= Nᙏ4𝑛+1+  2 2 𝑛   

Theorem 2.17  

Nᙏ𝑚 × Nᙏ𝐿𝑛 = Nᙏ𝑚+𝑛− 2 
𝑚 × Nᙏ𝑛−𝑚 , where 𝑛 ≥ 1,   𝑚 ≥ 0. 

Proof 

Nᙏ𝑚 × Nᙏ𝐿𝑛 = 𝛼 ᙏ𝑚 × 𝛼 ᙏ𝐿𝑛  

 = 𝛼  𝛼−1 𝛼 ᙏ𝑚 × 𝛼 ᙏ𝐿𝑛    



 

 

 

 

123 

2026 Volume 09 Issue 01 www.irjweb.com | Jan – 2026 - IRJEdT 

International Research Journal of Education and Technology 

Peer Reviewed Journal, ISSN: 2581-7795 

 = 𝛼 ᙏ𝑚ᙏ𝐿𝑛 = 𝛼 ᙏ𝑚+𝑛 − 2𝑚ᙏ𝑛−𝑚 = Nᙏ𝑚+𝑛− 2 
𝑚 × Nᙏ𝑛−𝑚  

Theorem 2.18 

Nᙏ𝑛 × Nᙏ𝐿2𝑛+𝑚 = Nᙏ3𝑛+𝑚− 2 
𝑛 × Nᙏ𝑛+𝑚 , where 𝑛 ≥ 1,   𝑚 ≥ 0. 

Proof 

Nᙏ𝑛 × Nᙏ𝐿2𝑛+𝑚 = 𝛼 ᙏ𝑛 × 𝛼 ᙏ𝐿2𝑛+𝑚  

 = 𝛼  𝛼−1 𝛼 ᙏ𝑛 × 𝛼 ᙏ𝐿2𝑛+𝑚    

 = 𝛼 ᙏ𝑛ᙏ𝐿2𝑛+𝑚  = 𝛼 ᙏ3𝑛+𝑚 − 2𝑛ᙏ𝑛+𝑚  

= Nᙏ3𝑛+𝑚− 2 
𝑛 × Nᙏ𝑛+𝑚  

Theorem 2.19 

Nᙏ2𝑛+𝑚 × Nᙏ𝐿𝑛 = Nᙏ3𝑛+𝑚+ 2 𝑛 × Nᙏ𝑛+𝑚 , where 𝑛 ≥ 1,   𝑚 ≥ 0. 

Proof 

Nᙏ2𝑛+𝑚 × Nᙏ𝐿𝑛 = 𝛼 ᙏ2𝑛+𝑚 × 𝛼 ᙏ𝐿𝑛  

 = 𝛼  𝛼−1 𝛼 ᙏ2𝑛+𝑚 × 𝛼 ᙏ𝐿𝑛    

 = 𝛼 ᙏ2𝑛+𝑚ᙏ𝐿𝑛   

 = 𝛼 ᙏ3𝑛+𝑚 + 2𝑛ᙏ𝑛+𝑚 = Nᙏ3𝑛+𝑚+ 2 𝑛 × Nᙏ𝑛+𝑚  

Theorem 2.20 

Nᙏ2𝑛 × Nᙏ𝐿2𝑛+𝑚 = Nᙏ4𝑛+𝑚−  2 2 𝑛  × Nᙏ𝑚 , where 𝑛 ≥ 1,   𝑚 ≥ 0. 

Proof 

Nᙏ2𝑛 × Nᙏ𝐿2𝑛+𝑚 = 𝛼 ᙏ2𝑛 × 𝛼 ᙏ𝐿2𝑛+𝑚  

 = 𝛼  𝛼−1 𝛼 ᙏ2𝑛 × 𝛼 ᙏ𝐿2𝑛+𝑚    
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 = 𝛼 ᙏ2𝑛ᙏ𝐿2𝑛+𝑚  = 𝛼 ᙏ4𝑛+𝑚 −  22𝑛 ᙏ𝑚  

= Nᙏ4𝑛+𝑚−  2 2 𝑛  × Nᙏ𝑚  

Theorem 2.21  

Nᙏ2𝑛+𝑚 × Nᙏ𝐿2𝑛 = Nᙏ4𝑛+𝑚+ 2 2 𝑛 × Nᙏ𝑚 , where 𝑛 ≥ 1,   𝑚 ≥ 0. 

Proof 

Nᙏ2𝑛+𝑚 × Nᙏ𝐿2𝑛 = 𝛼 ᙏ2𝑛+𝑚 × 𝛼 ᙏ𝐿2𝑛  

 = 𝛼  𝛼−1 𝛼 ᙏ2𝑛+𝑚 × 𝛼 ᙏ𝐿2𝑛    

 = 𝛼 ᙏ2𝑛+𝑚ᙏ𝐿2𝑛   

 = 𝛼 ᙏ4𝑛+𝑚 + 22𝑛ᙏ𝑚  = Nᙏ4𝑛+𝑚+ 2 2 𝑛 × Nᙏ𝑚  

Theorem 2.22  

The sums of their consecutive terms are  

𝛼 Nᙏ𝑖

𝑛

𝑖=1

=
Nᙏ𝑛+2− 2 𝑛 − 3 

2 
𝛼 

𝛼  Nᙏ2𝑖
𝑛
𝑖=1 =

Nᙏ2𝑛+2− 3 𝑛 − 3

3 
𝛼                                                             

𝛼  Nᙏ𝑖+1
𝑛
𝑖=1 =

Nᙏ𝑛+3− 2 𝑛 − 7 

2 
𝛼          

𝛼  Nᙏ2𝑖+1
𝑛
𝑖=1 =

2Nᙏ2𝑛+2− 3 𝑛 − 6

3 
𝛼     

𝛼  Nᙏ𝐿𝑖
𝑛
𝑖=1 =

Nᙏ𝐿𝑛+2+ 2 𝑛 − 5

2 
𝛼     

𝛼  Nᙏ𝐿𝑖+1
𝑛
𝑖=1 =

Nᙏ𝐿𝑛+3+ 2 𝑛 − 9

2 
𝛼      

𝛼  Nᙏ𝐿2𝑖
𝑛
𝑖=1 =

Nᙏ𝐿2𝑛+2+ 3 𝑛 − 5

3 
𝛼     



 

 

 

 

125 

2026 Volume 09 Issue 01 www.irjweb.com | Jan – 2026 - IRJEdT 

International Research Journal of Education and Technology 

Peer Reviewed Journal, ISSN: 2581-7795 

𝛼  Nᙏ𝐿2𝑖+1
𝑛
𝑖=1 =

Nᙏ𝐿2𝑛+3+ 3 𝑛 − 9

3 
𝛼    

 

Theorem 6.23  

Let Nᙏ𝑛  be the 𝑛𝑡ℎ Non-Newtonian Mersenne number. Let 𝑛 and 𝑘 be arbitrary positive integers 

then the following equality is satisfied. 

Nᙏ𝑛 × Nᙏ𝑛+𝑘 = Nᙏ2𝑛+𝑘− Nᙏ𝑛+𝑘− Nᙏ𝑛                                                                                                

Proof 

Nᙏ𝑛 × Nᙏ𝑛+𝑘 = 𝛼 ᙏ𝑛 × 𝛼 ᙏ𝐿𝑛+𝑘  

 = 𝛼  𝛼−1 𝛼 ᙏ𝑛 × 𝛼 ᙏ𝐿𝑛+𝑘    

 = 𝛼 ᙏ𝑛ᙏ𝐿𝑛+𝑘 = 𝛼 ᙏ2𝑛+𝑘 −ᙏ𝑛+𝑘 −ᙏ𝑛  

= Nᙏ2𝑛+𝑘− Nᙏ𝑛+𝑘− Nᙏ𝑛  

Taking 𝑘 = 0 and 𝑘 = 1, we get 

                                         Nᙏ𝑛
2 = Nᙏ2𝑛− 2 × Nᙏ𝑛         

Nᙏ𝑛 × Nᙏ𝑛+1 = Nᙏ2𝑛+1− Nᙏ𝑛+1− Nᙏ𝑛  

3. Conclusion: 

In this paper, we have introduced a new class of sequences, named the non-Newtonian 

Mersenne and non-Newtonian Mersenne-Lucas numbers. . The Binet’s formulas and 

generating functions for these sequences are obtained. Some interesting identities about these 

sequences are also presented. 
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